Fifty years ago Erdős asked to determine the minimum number of k-cliques in a graph on n vertices with independence number less than l. He conjectured that this minimum is achieved by the disjoint union of l − 1 complete graphs of size n l−1 . This conjecture was disproved by Nikiforov who showed that the balanced blow-up of a 5-cycle has fewer 4-cliques than the union of 2 complete graphs of size n 2 . In this paper we solve Erdős' problem for (k, l) = (3, 4) and (k, l) = (4, 3). Using stability arguments we also characterize the precise structure of extremal examples, confirming Erdős' conjecture for (k, l) = (3, 4) and showing that a blow-up of a 5-cycle gives the minimum for (k, l) = (4, 3).
Notation and organization
Given a graph G on vertices V (G), and a vertex v ∈ V (G), we denote by N (v) the set of neighbors of v in G, and by N (v) the set of non-neighbors of v. The complement graph G shares the same vertices as G, and has an edge {u, v} if and only if {u, v} is not an edge of G. We denote the independence number of G by α(G). The complete graph on k vertices is denoted by K k . In particular, a graph G is K l -free if and only if α(G) < l. Some other graphs we will use are the cycles C k , and paths P k where in each case the subscript refers to the number of edges.
Given a fixed graph H, for any graph G we let t H (G) denoted the number of induced copies of H in G. In the case H = K k , we simplify the notation to t k (G). Using this notation, we can define f (n, k, l) = min{t k (G) : |V (G)| = n, t l (G) = 0}.
The rest of the paper is organized as follows. In the next section, we construct counterexamples to Erdős' conjecture in the case k ≥ 4 and l ≥ 3 or k = 3 and l large. In Section 3, we provide an informal introduction to our main tool, flag algebras. Sections 4 and 5 contain the proofs of our main results for the (4, 3)-and (3, 4)-problems respectively. The final section contains some concluding remarks and open problems.
Some technical details are given in the appendices: Appendix A provides some remarks regarding implementation of flag algebras, and Appendix B contains the proof of the integer optimization result for the (4, 3)-problem.
Counterexamples to Erdős' conjecture
Nikiforov [9] showed that not only was Erdős' conjecture not true in general, but that it held only finitely often. He used bounds on the Ramsey numbers R(3, l) to show the existence of k 0 and l 0 such that whenever k > k 0 or l > l 0 , blow-ups of Ramsey graphs did better than disjoint unions of cliques T n,l−1 . In the following theorem, we use a combination of explicit and random constructions to further improve this result.
Theorem 2.1. T n,l−1 is not optimal for the (k, l)-problem when (i) k ≥ 4 and l ≥ 3, or (ii) k = 3 and l ≥ 2074.
The (k, l)-problem with k ≥ 4
Let us first consider the case l = 3. That is, we are looking to minimize the number of k-cliques in a graph with independence number at most 2. For the (4, 3)-problem, Nikiforov [10] gave an explicit counter-example to Erdős's conjecture by showing that a blow-up of C 5 contains fewer triangles than the graph T n,2 , which consists of two disjoint cliques. In fact, it is easy to see that this construction is better than T n,2 for any k ≥ 4. Indeed, a disjoint union of two cliques contains, asymptotically, For l ≥ 4, the graph T n,l−1 consists of l − 1 disjoint cliques. However, as shown above, if we replace two of these cliques with a blow-up of C 5 on the same number of vertices, we will reduce the number of k-cliques. Formally, this construction has a blow-up of C 5 on five parts of size 2n 5(l−1) , and l − 3 disjoint cliques of size n l−1 , and contains fewer k-cliques than T n,l−1 . This shows that a disjoint union of cliques is not optimal for the (k, l)-problem for any k ≥ 4 and l ≥ 3.
The (3, l)-problem
The situation is quite different when k = 3. As we will show later, the disjoint union of cliques is optimal for the (3, 3)-and (3, 4)-problems. However, unlike the case k = 2, this construction ceases to be optimal for large values of l. We consider the random graph G ∼ G(m, p) on m vertices, with every edge appearing independently with probability p. For suitable parameters l, m, and p, we show that with positive probability the balanced blow-up of G has no independent set of size l and has fewer triangles than T n,l−1 . First we count the number of triangles in a balanced blow-up of an m-vertex graph G to n vertices.
There are three ways to obtain a triangle in the blow-up. The vertices of the triangle can all come from one part, in which case there are It is neither our goal to be rigorous nor thorough, but rather to emphasize that the combinatorial arguments behind the flag algebra calculus are as old as extremal combinatorics itself. Indeed, the main tools available to us are double-counting and the Cauchy-Schwarz inequality. To highlight this fact, we will use the (3, 3)-problem as a running example, and indeed, the proof we obtain through flag algebras will be essentially the same as the original proof Lorden gave in 1962.
The flag algebra calculus is powerful because it provides a formalism through which the problem of finding relations between subgraph densities can be reduced to a semi-definite programming (SDP) problem. This in turn enables the use of computers to find solutions, with rigorous proofs, to problems in extremal combinatorics. For a more complete survey of the technique, we refer you to the excellent expositions in [7] and [11] , while for a technical specification of flag algebras, we refer you to the original paper of Razborov [12] .
Basic definitions and notation
The flag algebra calculus is typically used to find the extremal density of some fixed subgraph J amongst graphs that avoid some forbidden subgraph. For our example, the (3, 3)-problem, we wish to minimize the density of triangles K 3 in graphs that do not contain K 3 , the empty graph on 3 vertices. While our definitions will be general, all our examples will come from this setting.
We say that a graph is admissible if it contains no induced copies of the forbidden graph. A type σ is an admissible labeled graph on vertices [k] for some non-negative integer k called the size of σ, denoted by |σ|. In what follows, an isomorphism between graphs must preserve any labels that are present.
Given a type σ, a σ-flag is an admissible graph F on a partially labeled vertex set, such that the subgraph induced by the labeled vertices is isomorphic to σ. The underlying graph of the flag F is the graph F with all labels removed. The size of a flag is the number of vertices. Note that when σ is the trivial type of size 0 (denoted by σ = 0), a σ-flag is just an usual unlabeled admissible graph. We shall write F σ l for the collection of all σ-flags of size l. Let F σ = l≥0 F σ l . When the type σ is trivial, we shall omit the superscript from our notation.
Let us now define two fundamental concepts in our calculus, namely those of flag densities in larger flags and graphs. Let σ be a type of size k, let m ≥ 1 be an integer and let
uniformly at random. This is possible because F has at least i (l i − k) unlabeled vertices. Denote by E i the event that the σ-flag induced by T ∪ X i is isomorphic to F i , for i ∈ [m]. We define
to be the probability that all these events occur simultaneously. If G is just an admissible graph of order at least l, and not a σ-flag, then there is no pre-labeled set of vertices T that induces the type σ. Instead, we uniformly at random select a partial labeling L : [k] → V (G). This random labeling turns G into a σ ′ -flag F L , where the type σ ′ is the labeled subgraph induced by the set of vertices L([k]). If σ ′ = σ, we can then proceed as above, otherwise we say the events E i have probability 0. Finally, we average over all possible random labelings. Formally, let Y be the following random variable
as the expected value of the random variable Y . The quantities p σ (F 1 , F 2 , . . . , F m ; F ) and d σ (F 1 , F 2 , . . . , F m ; G) are called flag densities of {F i } i∈ [m] in F and in G, respectively. Clearly these flag densities are the same whenever σ = 0, in which case we omit the subscript from both notations.
To better illustrate these definitions, we give some examples. Let dot be the only type of size one. Let ρ and ρ be the two dot-flags of size two, and let Z i , for 1 ≤ i ≤ 5, be the five admissible dot-flags of size three (recall that we are forbidding K 3 ). These flags are shown in Figure 1 . We now compute the flag densities of ρ and ρ in the flags Z i . For example, to compute p dot (ρ; Z 1 ), note that to induce a copy of ρ we must choose an unlabeled non-neighbor of 1. As only one of the two unlabeled vertices in Z 1 is a non-neighbor of 1, we conclude that p dot (ρ; Z 1 ) = 1 2 . Similarly, p dot (ρ; Z 3 ) = 1, because to induce ρ we must select a neighbor of 1, and all the unlabeled vertices in Z 3 are neighbors of 1. The other flag densities are p dot (ρ; To see how to compute flag densities in an unlabeled graph, consider W , the graph on 5 vertices depicted in Figure 2 . It is easy to see that d dot (ρ; W ) and d dot (ρ; W ) are the edge and non-edge densities of W respectively, and so d dot (ρ; W ) = 
We can also compute the joint flag densities of multiple flags. For instance, let us consider d dot (ρ, ρ; W ). In this case, we first randomly choose a vertex v to be the labeled vertex. We must then make an ordered choice of two vertices in V (W ) \ {v}, as we have two flags, each with one unlabeled vertex. If both of these vertices are neighbors of v, then we have induced two copies of the flag ρ (note that the adjacency of these two vertices is unimportant). Hence we obtain d dot (ρ, ρ; W ) by averaging over all vertices v the ratio of the number of ordered pairs of neighbors of v to the number of ordered pairs of vertices in V (W ) \ {v}. In this case, we have d dot (ρ, ρ; W ) = 7 15 . Suppose as before we have a type σ of size k, a σ-flag F of size l ≥ k, and an unlabeled graph G. To compute d σ (F ; G), we averaged over all random partial labelings of G the probability of finding a flag isomorphic to F . A simple double-counting argument shows that we can do the averaging before the random labeling, which is the idea behind Razborov's averaging operator, as defined in Section 2.2 of [12] . Let F | 0 denote the unlabeled underlying graph of F . We can compute d σ (F ; G) by first computing d(F | 0 ; G), the probability that l randomly chosen vertices in G form an induced copy of F | 0 as a subgraph. Given this copy of F | 0 , we then randomly label k of the l vertices, and compute the probability that these k vertices are label-isomorphic to σ. This amounts to multiplying d(
We can interpret the normalizing factor as
There are more relations involving d σ and p σ than the one mentioned previously. We will now state, without proof, a basic fact about flag densities that can be proved easily by double counting. 
2. For any admissible graph G of order at least l, we have
If we apply the chain rule for m = 1, we have the equation
Similarly, we can expand p dot (ρ;
. For the ease of notation, we can express these two identities using the syntax of flag algebras:
In this syntax, the equation i∈I α i F i = 0 means that for all sufficiently large σ-flags F , we have i∈I α i p σ (F i ; F ) = 0, where α i ∈ R for all i ∈ I. We call i∈I α i F i an eventually zero expression. We use A σ to denote the set of linear combinations of flags of type σ. It is convenient to define a product of flags in the following way:
(Note that it does not matter what l we choose, as the difference will be an eventually zero expression.) For example, instead of writing
For the flags of our running example, involving K 3 -free graphs, the following equations are also easily verifiable:
Combining these equations, we arrive at the following equation, which we shall later require in Section 4:
To further simplify the notation, we can extend the definitions of p σ and d σ to A σ by making them linear in each coordinate. For example,
The product notation simplifies these extended definitions, because
The last piece of notation we introduce is that of the averaging operator. Recall that for any σ-flag F , we had the normalizing factors q σ (F ) such that d σ (F ; G) = q σ (F )p(F | 0 ; G). In the syntax of flag algebra, this averaging operation is denoted by [[F ] ] σ def = q σ F | 0 . We can extend this linearly to all elements of A σ . For example
where P 2 is a path of length two on three vertices, and P 2 is its complement. This notation is useful,
for any f ∈ A σ and for any g ∈ A 0 , and hence we have a unified notation for both types of flag densities.
Extremal problems in the flag algebra calculus
Recall that the typical problem is to minimize the density of some fixed graph J amongst all admissible graphs G not containing a forbidden subgraph. We will show how flag algebras can be applied to this problem to reduce it to a semi-definite programming (SDP) problem, which can then be solved numerically.
We may use the chain rule to obtain, for any t ≥ |J|, the equation
which is a bound that clearly does not depend on G.
This inequality is often very weak, since it only uses very local considerations about the subgraphs H ∈ F t , and does not take into account how the subgraphs fit together in the larger graph G; that is, how they intersect. For instance, returning to our example of the (3, 3)-problem, where J = K 3 and t = 3, we obtain d(
, which is the most trivial bound. However, by considering how the graphs in F 3 must intersect in G, one might hope to find inequalities of the form H∈Ft α H d(H; G) ≥ 0, such that when we combine them with the initial identity, we get
Since α H can be negative for some graphs H, the hope is that this will improve the low coefficients by transferring weight from high coefficients. In order to find such inequalities, we need another property of the flag densities.
is a family of σ-flags of sizes
is an integer, then for any flag F of order n ≥ l, we have
One can prove Fact 3.2 by noting that, if we drop the requirement that the sets X i are disjoint in the definition of p σ (F 1 , . . . , F m ; F ), the events E i will become independent, and thus
The error introduced is the probability that these sets X i will intersect in F , which is O(1/n). It is tempting to claim a similar product formula for the unlabeled flag densities d σ , but we cannot do so. In the above equation, it is essential that all the σ-flags F i share the same labeled type σ, and hence we require F to be a σ-flag.
We are now ready to establish some inequalities. Let's first fix a type σ of size k. If Q is any positive semi-definite |F σ l | × |F σ l | matrix with rows and columns indexed by the same set F σ l , where
Since Q was chosen to be positive semi-definite, we have
for any σ-flags F of order at least t = 2l − k. When averaging, we do not necessarily have
for an admissible graph G of order n ≥ t, but we do have the following in-equality:
Therefore, when n is large, we have that
The expression in the middle of the above equation is called the expansion of [[Q]] σ (G) in graphs of size t, with α H the coefficients of the expansion. For the sake of conciseness, we often omit the parameter G and express this asymptotic inequality (combined with the expansion in size t) in the syntax of flag algebras
(Note that all inequalities between flags stated in the language of flag algebras are asymptotic.) For a concrete example, we return to the (3, 3)-problem. If we use the type σ = dot, flags of size l = 2, expand in graphs of size t = 3, and consider
, where the rows and columns are indexed by ρ and ρ (in that order), we obtain Q{F dot
. This expansion is obtained by substituting the expressions for ρ 2 , ρ 2 and ρ · ρ that are given above Equation 2. Averaging gives
, which is the correct bound for the (3, 3)-problem. In general, if we have more than one inequality available, we can combine them together, provided they are all expanded in the same size t. Suppose we have r inequalities given by the positive semidefinite matrices Q i of the σ i -flags of size l i . Adding them together, we obtain
and we want to maximize min H∈Ft {d(J; H) − α H }.
Thus we have transformed the original problem of finding a maximum lower bound for d(J; G) into a linear system involving the variables (Q i ) F k ,F l . As we have the constraint that the matrices Q i should be positive semi-definite, this is a semi-definite programming problem. To take the minimum coefficient in the expansion, we introduce an artificial variable y, and require it to be bounded above by all the coefficients. Hence we have the following SDP problem in the variables y and (
Maximize y, subject to the constraints:
(The matrices Q i are often called the block variables of the SDP problem. We can assume without loss of generality that each Q i is symmetric, as otherwise we could replace
A computer can solve this SDP problem numerically, allowing for an efficient determination of the inequalities required to prove the extremal problem. For some practical remarks on the implementation of flag algebras, please see Appendix A. We note at this point, as shall be seen in Section 4, that the solution to the SDP problem need not only give the asymptotic bound, but can also provide some structural information about the extremal graphs.
The (4, 3)-problem
In this section we will apply the flag algebra calculus to solve the (4, 3)-problem. Recall in the (4, 3)-problem we are interested in finding the minimum number of 4-cliques in a graph with independence number less than 3. We prove that any graph on n vertices with independence number at most 2 must contain at least 3 25 n 4 + O(n 3 ) 4-cliques. This bound is attained by a balanced blow-up of C 5 , which Nikiforov conjectured to be optimal in [10] .
The first subsection contains our flag algebra results, which leads to the asymptotic minimum density of 4-cliques. In the second subsection we use the structural information from the flag algebras to derive a stability result. This allows us to determine the value of f (n, 4, 3) exactly for large n, and we show that a nearly-balanced blow-up of C 5 is the unique extremal graph.
The asymptotic result
We begin by listing the admissible graphs of size 5, the types used in the proof, and the corresponding flags. Note that the flags of size 3 and type dot in Figure 6 are those we used as examples in Section 3.1, Figure 1 .
Figure 3: Graphs of size 5 with independence number at most 2. For each of the types used in the proof, we express the corresponding positive semi-definite matrices as a sum of squares. In the lemmas that follow, we give these sums of squares, their expansions into the admissible graphs of size 5, and provide sketches of combinatorial proofs (note that the lemmas were initially obtained by solving the corresponding SDP problem). We begin with the type τ 1 .
Lemma 4.1.
{x, y}, {x, z} ∈ E(G) and {y, z} ∈ E(G)}. Every triple (x, y, z) ∈ τ 1 (G) induces a copy of of the type τ 1 in G, where vertex x is labelled "1", vertex y is labelled "2" and vertex z is labelled "3". Fix some p = (x, y, z) ∈ τ 1 (G). Note that M 2 and M 4 are flags where the unlabeled vertex is adjacent to 2 but not 3, while M 1 and M 3 are flags with the unlabeled vertex adjacent to 3 but not 2. Hence we define
If we denote by F the flag induced by the labelled vertices {x, y, z} together with the unlabelled vertex v, we have
Thus the combinatorial interpretation of the lemma is
The proof that this summation is asymptotically non-negative is very simple, since
and 1 120
It remains to expand the products of the flags into admissible graphs of size 5, and thus show that
For the sake of conciseness, we omit the full details of this calculation. We show how to compute the coefficient of G 10 , that is, ∆ 1 (G 10 ); the other coefficients follow similarly.
In this case, the set {x, y, z, v, w} spans a copy of G 10 . We have the following cases:
1. Vertex x is one of the vertices of degree 3. There are two choices of x satisfying this condition.
We have the following subcases:
(a) Vertex y is the vertex of degree 2 of the triangle containing x and z is only neighbor of x which is not adjacent to y. This configuration corresponds to the first graph in Figure 7 .
As one of the unlabeled vertices is adjacent to y and not z, and the other is adjacent to z and not y, both assignments of v and w, we have
As there are two choices for the pair (v, w) and two choices for x, the total contribution for this configuration is −4.
(b) The same configuration as above, but with the roles of y and z swapped. This configuration corresponds to the second graph in Figure 7 and its contribution is −4.
(c) Vertex y is the other vertex of degree 3 and z is the only neighbor of x which is not adjacent to y. This configuration corresponds to the third graph in Figure 7 . For any possible choice of v and w, we have d p (v) · d p (w) = 0, hence the total contribution is 0.
(d) The same configuration as above, but with the roles of y and z swapped. This configuration corresponds to the fourth graph in Figure 7 and its contribution is 0.
2. Vertex x is one of the vertices of degree 2 not in the triangle. Again we have two choices of x satisfying this condition. We also have the following subcases:
(a) Vertex y is the only neighbor of x of degree 3 and z is the other neighbor. This configuration corresponds to the fifth graph in Figure 7 . For any possible choice of v and w, we have
, hence the total contribution for this configuration is 0.
(b) The same configuration as above, but with the roles of y and z swapped. This configuration corresponds to the last graph in Figure 7 and its contribution is 0.
When we sum the contributions we get −8, and hence the coefficient of G 10 is ∆ 1 (G 10 ) = − . ✷
We now consider the type τ 2 .
Lemma 4.2.
{x, y}, {x, z}, {y, z} ∈ E(G)}. Every triple (x, y, z) ∈ τ 2 (G) induces a copy of of the type τ 2 in G, where vertex x is labelled "1", vertex y is labelled "2" and vertex z is labelled "3". Fix p = (x, y, z) ∈ τ 2 (G). Note that the flags N i for 1 ≤ i ≤ 4 are those where the unlabeled vertex has at most one neighbour in the triangle τ 2 , while in the flags N i for 5 ≤ i ≤ 8, the unlabeled vertex has at least two neighbours in τ 2 . This motivates the definition
The combinatorial interpretation of the lemma is
As in Lemma 4.1, this is easily seen to be asymptotically positive. We omit the computation of ∆ 2 (G i ) for i = 1, 2, . . . , 14, which can be performed as in the proof of the previous lemma. ✷ Finally we consider the dot type. Note that in this case the positive semi-definite matrix takes the form of a sum of three squares. Lemma 4.3.
Proof. We omit the proof, noting that the calculations involved are very similar to those in the previous lemmas. ✷
We are now in a position to combine the lemmas to obtain a bound on the minimum density of 4-cliques in admissible graphs. In what follows, K 4 represents the clique on four vertices, while C 4 denotes a cycle on four vertices. 
Proof. Applying Theorem 4.4 to G, we have
In particular, using the asymptotic non-negativity of ∆ i (G), we have
. This immediately gives t G 5 (G) = o(n 5 ) and t C 4 (G) = o(n 4 ), and so it remains to justify (iii). We have
For every vertex v, let F v be the dot-flag obtained from G by labeling the vertex v with 1. By definition of the averaging operator, ∆ 3 (G) is the average over vertices v of the corresponding flag densities in F v . The expression is a sum of squares, and thus will be asymptotically non-negative. Since the average is o(1), the expression must be o(1) for all but o(n) vertices. In particular, for these vertices we have
Since the sum of the flag densities must be 1, we also have
Finally, recall from Equation (2) 
This gives us a system of five equations in the five variables p dot (Z i ; F v ). The first four equations form a linear system of full rank, which we can use to express all the variables in terms of p dot (Z 5 
The stability analysis
We will now use the results of the preceding section to show that, for sufficiently large n, a blow-up of C 5 is the unique extremal graph for the (4, 3)-problem. Recall that in a blow-up, we replace every vertex with a clique, and every edge with a complete bipartite graph. Hence a blow-up of C 5 consists of five disjoint sets of vertices V i , with V i ∪ V i+1 a clique for all 1 ≤ i ≤ 5, and no edges between V i and V i+2 for all 1 ≤ i ≤ 5 (throughout this section, indices will be taken modulo 5).
Suppose G is a K 3 -free graph on n vertices with the minimal number of 4-cliques. Our proof consists of three steps. We first use the results of Corollary 4.5 to deduce that G is close to being a blow-up of C 5 (note that this holds not only for an extremal graph, but for any family of graphs that is asymptotically optimal). In the second step we use the minimality of G to show that G must in fact be a blow-up of C 5 with asymptotically equal parts. Finally, we solve an integer optimization problem to determine the size of the parts of G exactly.
Recall that from Corollary 4.5, we have that if n is sufficiently large, and G is an extremal graph on n vertices, then t 4 (G) = 3 25
, and all but o(n) vertices of G have degree 3 5 n + o(n). From this we shall deduce that G is almost a blow-up of C 5 . To this end, we introduce some definitions. Given subsets A, B ⊂ V (G), we say A is an almost clique if all but o(n 2 ) pairs in A are adjacent, and we say (A, B) is almost complete (almost empty) if all but o(n 2 ) pairs in A × B are adjacent (nonadjacent). Finally, we define a triple {a, b, c} ∈ V (G) to be typical if:
(ii) {a, b} is contained in o(n 2 ) copies of C 4 , (iii) {a, b, c} is contained in o(n) copies of C 4 , and
Note that G[{a, b, c}] is an induced path of length 2. As all but o(n) vertices are of degree 3 5 n+o(n), it is easy to see that there are Ω(n 3 ) induced paths of length 2 in G. As Corollary 4.5 asserts that t C 4 (G) = o(n 4 ) and t G 5 (G) = o(n 5 ), it follows that almost all induced paths of length 2 are typical. We will now use the neighborhoods of {a, b, c} to define the parts corresponding to the blow-up of C 5 . In particular, we define
We now make some preliminary observations about the sets V i . Clearly, by definition, the sets are disjoint. Moreover, since α(G) ≤ 2, and {a, b} / ∈ E(G), we must have N (a) ∪ N (b) = V (G) \ {a, b}, and so ∪ i V i = V (G). Similarly, for any vertex v ∈ V (G), N (v) must induce a clique, as any non-edge in N (v) forms an independent set of size three with v. Thus V 2 ∪ V 3 , V 3 ∪ V 4 , and V 4 ∪ V 5 are (actual) cliques. Finally, note that if u, v ∈ V 1 are such that {u, v} / ∈ E(G), then the set {a, b, u, v} induces a copy of C 4 . Since {a, b, c} was chosen to be a typical triple, properties (ii) and (iii) imply that V 1 is an almost clique, and c is adjacent to all but o(n) vertices in V 1 .
We can also obtain some relations regarding the sizes of these parts. By property (i) of typical triples, we have
, and c has o(n) non-neighbors in V 1 , we deduce
which also imply |V 2 | + |V 5 | = 2 5 n + o(n). We are beginning to uncover the approximate C 5 -blow-up structure of G. Recall that we have shown that V 2 ∪ V 3 , V 3 ∪ V 4 and V 4 ∪ V 5 are cliques, while V 1 is an almost clique. We will establish the relations between the remaining parts by showing:
• (V i , V i+2 ) is almost empty for any 1 ≤ i ≤ 5, and
• (V 1 , V 2 ) and (V 1 , V 5 ) are almost complete.
We start by showing that (V 1 , V 3 ) is almost empty. For any u ∈ V 1 ∩N (c) and v ∈ V 3 , if {u, v} ∈ E(G), then the set {a, b, c, u, v} induces a copy of G 5 . As {a, b, c} is a typical triple, property (iv) implies that there are at most o(n 2 ) copies of G 5 containing {a, b, c}, and so there are at most o(n 2 ) edges between V 1 ∩ N (c) and V 3 . Since c is adjacent to all but o(n) vertices in V 1 , this shows that (V 1 , V 3 ) is almost empty. By the symmetry between a and b (and hence V 3 and V 4 ), it follows that (V 1 , V 4 ) is also almost empty. Now consider the vertices in V 1 . By Corollary 4.5, all but o(n) of these vertices have degree
In particular, (V 1 , V 2 ) and (V 1 , V 5 ) are almost complete.
Next consider the vertices in V 2 . We have established that (V 2 , V 1 ∪ V 2 ∪ V 3 ) is almost complete. Once again, using the restriction on the degrees, and the fact that
we deduce that (V 2 , V 4 ) and (V 2 , V 5 ) are almost empty. Symmetry implies (V 5 , V 2 ) and (V 5 , V 3 ) are almost empty as well, as claimed.
At this point we have determined the global structure of G, in which each part V i corresponds approximately to the blow-up of a vertex in C 5 . We now wish to show that G is an exact blow-up of C 5 , with parts of size
In order to do so, we shall require greater control over the adjacency of individual vertices, and not just the parts V i . With this in mind, for each 1 ≤ i ≤ 5, we define a vertex v ∈ V i to be bad if v has Ω(n) non-neighbors in
Since for each i we have that V i ∪ V i+1 is an almost clique and (V i , V i+2 ) is almost empty, it follows that there are o(n) bad vertices. We clean up the partition of V (G) by removing bad vertices from each V i and placing them in a set U . This results in a partition V (G) = V 1 ∪ . . . ∪ V 5 ∪ U satisfying:
(1) for any 1 ≤ i ≤ 5 and vertex v ∈ V i , v is adjacent to all but o(n) vertices in
and v is not adjacent to all but o(n) vertices in V i+2 ∪ V i+3 , and
are cliques, and
The following proposition asserts that in an asymptotically optimal graph, the above conditions imply that the almost cliques are, in fact, true cliques, and that the parts are asymptotically equal. This will in turn allow us to completely determine the structure of extremal graphs. Proof. We already know from (2) that many of the pairs of neighboring parts are cliques. It remains to show that V 1 ∪ V 2 and V 5 ∪ V 1 are both cliques. We first show that V 1 is a clique. Suppose for contradiction that there are nonadjacent vertices u, v ∈ V 1 . Since α(G) ≤ 2, we must have We now claim that if (V 1 , V 2 ) is not complete, we must have |V 4 | = o(n). Indeed, suppose u ∈ V 1 and v ∈ V 2 are not adjacent. Since α(G) ≤ 2, we must have V 4 ⊂ N (u) ∪ N (v). By (1), both u and v have o(n) neighbors in V 4 , which implies |V 4 | = o(n). By symmetry, if (V 1 , V 5 ) is not complete, we must have |V 3 | = o(n).
Suppose now that one of these sets, say V 4 , is of size o(n). Using (3), we must have |V 3 | = |V 5 | = 
contradicting the asymptotic optimality of G. Hence (V 1 , V 2 ) and (V 1 , V 5 ) must be complete, which implies that V 1 ∪ V 2 and V 1 ∪ V 5 are cliques. Finally, we show that all parts have size
Recall we already have
, we may by symmetry assume |V 3 | ≥ 1 5 n + o(n). Corollary 4.5 implies there is some vertex of V 3 whose degree is
Combined with the equations in (3), this gives
We now turn our attention to the set U of bad vertices. In particular, we will show that in an extremal graph, each u ∈ U can be reintroduced into some part V i in a way that is consistent with (1) and Proposition 4.6. Since |U | = o(n), we can repeat this process without affecting (1) or Proposition 4.6, and thus we can eliminate the set U . Proposition 4.7. For every u ∈ U , there is some
Proof. Fix u ∈ U . We begin with a simple claim. For any 1 ≤ j ≤ 5, if there is some v ∈ V j such that u is not adjacent to v, then u is adjacent to all but o(n) vertices in V j+2 ∪ V j+3 . Indeed, as α(G) ≤ 2, we must have V j+2 ∪ V j+3 ⊂ N (u) ∪ N (v). However, v is adjacent to o(n) vertices in V j+2 ∪ V j+3 , and so the claim follows.
Now suppose there is no i such that
. This implies there is an i such that u is not adjacent to some vertices in both V i−3 and V i−1 . Applying the previous claim, it follows that u is adjacent to all but o(n) vertices in
In this case, remove all edges between u and V i+2 , and add any missing edges between u and
It is easy to see that we still have α(G) ≤ 2. As u had
, which is a clique, we have removed at least 1 5 n+o(n) 3
= Ω(n 3 ) 4-cliques. On the other hand, we have only added o(n) edges, and so created o(n 3 ) new 4-cliques. Thus we have reduced the number of 4-cliques, which contradicts the extremality of G.
Thus there must be some
. It remains to show that u has o(n) neighbors in V i+2 ∪ V i+3 . Suppose for contradiction that u has Ω(n) neighbors in V i+2 ∪ V i+3 . As V i+2 ∪ V i+3 is a clique, these neighbors form Ω(n 3 ) 4-cliques with u. Instead, we could remove all edges between u and V i+2 ∪ V i+3 . To prevent the formation of an independent set of size 3, we add all edges between u and U . This introduces o(n) new edges, and thus o(n 3 ) new 4-cliques, while maintaining α(G) ≤ 2. Thus the number of 4-cliques is reduced, again contradicting the minimality of G. This completes the proof.
✷
Given any u ∈ U , we can apply Proposition 4.7 to add u to V i(u) . Repeat this process until U is empty. In this case we have a partition V (G) = V 1 ∪ . . . ∪ V 5 such that for every 1 ≤ i ≤ 5,
In order to conclude that G is a blow-up of C 5 , it remains to show that there are no edges between V i−1 and V i+1 for any i. Suppose to the contrary there is an edge between some v ∈ V i−1 and w ∈ V i+1 . Note that when n is large, we must have
For any x, y ∈ V i , {v, w, x, y} is a 4-clique. Thus removing the edge {v, w} reduces the number of 4-cliques without increasing the independence number. Hence in an extremal graph, there are no edges between V i−1 and V i+1 for any i, and thus G is indeed a blow-up of C 5 with parts of size
We now seek to determine the sizes of the sets V i exactly. Noting that V i ∪ V i+1 is a clique for each i, it is easily verified that
Define
In y i , each vertex is counted twice, so we have y i = 2n. Moreover, as |V i | = 
Thus to find the extremal graph, we must minimize the above expression over integer values of y i subject to the conditions given earlier. The solution is given by Lemma 4.8, which we prove in Appendix B.
Lemma 4.8. Let ε > 0 be sufficiently small, and n sufficiently large. Consider the function
Subject to the constraints that the y i be integers satisfying for 1 ≤ i ≤ 5. Solving for |V i |, we have that the unique extremal graph on n vertices is the blow-up of C 5 to n vertices such that:
• when n = 5k, |V i | = k for all i,
• when n = 5k + 3, |V 1 | = |V 2 | = |V 4 | = k + 1, and |V 3 | = |V 5 | = k, and
• when n = 5k + 4, |V 1 | = |V 2 | = k + 1, |V 3 | = |V 5 | = k, and |V 4 | = k + 2.
The (3, 4)-problem
In this section we solve the (3, 4)-problem, and prove that Erdős' conjecture holds for this case. Recall that this entails showing that amongst all graphs of independence number less than four, T n,3 , a disjoint union of three nearly-equal cliques, minimizes the number of triangles.
In the first subsection we list our flag algebra results, which give the asymptotic minimum number of triangles to be 1 9 n 3 . In the second subsection we use the structural information obtained to determine the value of f (n, 3, 4) exactly. We also analyze the structure of extremal graphs, and show they must contain T n,3 .
Getting the asymptotic result and densities
We begin by presenting the 29 admissible -that is, K 4 -free -graphs of size 5, followed by the three types and associated flags used in the proof. Figure 8 : Graphs of size 5 with independence number at most 3. In the subsequent lemmas, for each type used in the proof, we express the corresponding positive semi-definite matrices as squares of flags, and give their expansions into graphs of size 5. The coefficients were obtained through the use of a computer program, but can easily be verified by hand, just as in the previous section.
Lemma 5.1. For the type τ 1 , we have
Lemma 5.2. For the type τ 2 , we have We can now combine these lemmas to obtain an asymptotic lower bound on the density of triangles, K 3 , in any K 4 -free graph.
Theorem 5.4. We have
where c = (c i ) We now use the lemmas to expand the squares ∆ i into the graphs G j . After summing the coefficients in the linear combination, it can easily be verified that they are all at least 1 9 . Since the densities must sum to 1, we have 29 j=1 G j = 1, which gives the final equality. ✷ Corollary 5.5. Any n-vertex graph G with α(G) ≤ 3 satisfies
Proof. Since the ∆ i are squares of flags, they are asymptotically non-negative. Hence discarding the terms for ∆ i , 1 ≤ i ≤ 10, maintains the inequality. This gives
. Interpreting these terms combinatorially gives the corollary. ✷
The stability analysis
In order to derive a stability result for the (3, 4)-problem, we use the following well-known result of Andrásfai, Erdős and Sós [2] .
Theorem 5.6. (Andrásfai, Erdös, Sós) A K r -free graph on n vertices that has minimum degree larger than 3r−7 3r−4 n must be (r − 1)-partite.
Applying this to the complement of a graph with r = 4, we find that a graph G on n vertices with α(G) ≤ 3 and maximum degree less than 3 8 n must be spanned by three cliques. The following stability result follows.
Proposition 5.7. Suppose 0 < ε < 1 30 . There exists n 0 = n 0 (ε) such that any graph G on n ≥ n 0 vertices with α(G) ≤ 3 and t 3 (G) < 1 9 + ε 5 n 3 contains an induced subgraph G ′ ⊂ G on at least 1 − 100ε 3 n vertices that is spanned by three cliques of size between 1 3 − 3ε n and 1 3 + ε n. Moreover, every vertex in G ′ sends at most 4εn edges outside its clique.
Proof. We have from Corollary 5.5 that for any graph G on n vertices with α(G) ≤ 3,
In particular, if t 3 (G) < 1 9 + ε 5 n 3 , and n is large enough, then
< 100ε 5 n, and so |B| < 100ε 3 n.
Hence we can apply Theorem 5.6 in its complementary form to deduce that G ′ is spanned by three cliques. Since ∆(G ′ ) < 1 3 + ε n, we deduce that the largest clique in G ′ has size at most 1 3 + ε n. This implies that the smallest clique has size at least 1 − 100ε 3 n − 2 Finally, consider the vertices in B. If any vertex v ∈ B is adjacent to all vertices in one of the cliques C i , and does not have more than 4εn edges outside C i , then we can add v to C i without affecting any of the previous bounds. Thus the only vertices left in B are either those adjacent to one clique, but with too many neighbors outside the clique, or those with a non-neighbor in each of the three cliques. ✷ This stability result allows us to, for large values of n, deduce the exact value of the (3, 4)-problem, and also to characterise all extremal graphs. Recall that we define f (n, k, l) to be the minimum of t k (G) over all graphs G on n vertices with α(G) ≤ l − 1.
Theorem 5.8. There exists n 0 such that for every n ≥ n 0 , f (n, 3, 4) = ⌊n/3⌋ 3
. Moreover, if G is a graph on n ≥ n 0 vertices with t 3 (G) = f (n, 3, 4), then G contains T n,3 , a disjoint union of three nearly-equal cliques.
This implies that T n,3 ⊂ G, and so it follows that for any graph G on n vertices with α(G) ≤ 3, we must have t 3 (G) ≥ t 3 (T n,3 ). Thus f (n, 3, 4) = t 3 (T n,3 ). Moreover, if G is an extremal graph, then since we have equality, there can be no triangles with vertices from different cliques. This means that each vertex can have at most one neighbor in each of the two other cliques; in other words, the bipartite graphs between cliques are (partial) matchings. These matchings must be such that there is no triangle with one vertex from each clique. However, the extremal graph is not unique, as there are many possibilities for the matchings.
✷

Concluding Remarks
In this paper, we apply the techniques of flag algebras, combined with stability arguments, to solve the Erdős problem for the cases (k, l) = (4, 3) and (3, 4) . In particular, we show that Nikiforov's construction of a blow-up of C 5 is optimal for the (4, 3)-problem, while Erdős' conjecture still holds for the (3, 4)-problem.
We have also run the SDP problem for larger cases, and our calculations suggests that Erdős' conjecture remains valid for the (3, 5)-and (3, 6)-problems. Moreover, it would appear that a blowup of C 5 is also optimal for the (5, 3)-problem. Since this paper is already quite long, we decided not to process the SDP results to find rational solutions. However, after doing so it should be possible to develop stability results similar to those above, and thus to determine the exact solution to these problems.
Note that the extremal graphs we have found are all blow-ups of small graphs. In particular, the graphs are Ramsey graphs. The construction of l − 1 cliques is a blow-up of an independent set of size l − 1, which is the R(2, l) Ramsey graph. On the other hand, C 5 is the R(3, 3) Ramsey graph. One may therefore ask if, for large n, the solution of the (k, l)-problem is always a blow-up of an R(s, t) Ramsey graph, where s and t depend only on k and l. Solving this problem in general appears to be quite difficult.
A simpler question, first asked by Nikiforov, is to determine the extremal graphs for the (k, l)-problem as one parameter is fixed and the other grows. In particular, it remains to determine for which values of l a disjoint union of l − 1 cliques remains optimal for the (3, l)-problem. In light of the above results, one could also study for which values of k the blow-up of C 5 is optimal for the (k, 3)-problem. Proofs by flag algebras are infeasible for large values of k and l, as the search space and running time grow exponentially in these parameters. It would be of great interest to develop new techniques to attack this problem.
A Implementation of flag algebras
In Section 3, we covered the basics of the theory behind flag algebras; here we discuss the actual implementation of the method. In particular, we will discuss how to set up the SDP problem, and then find a verifiable proof. The main steps are:
1. Identifying the types σ i to use, and finding a suitable size t for the expansion of the positive semi-definite matrices.
2. Finding a verifiable (e.g. rational) solution that leads to a proof.
(Optional)
Writing the positive semi-definite matrix as a sum of squares.
We shall address each of these steps in turn.
Identifying types:
The process of identifying the necessary types σ i and finding a suitable size t essentially comes down to trial-and-error. Note that whatever choice of types and size we make will result in an SDP problem as outlined above, which can then be solved to provide some bound for the extremal problem. In order to determine whether or not this is the right bound, we need a conjecture on what the bound should be -this typically comes from a construction. We then seek to keep improving the flag algebra results until they match the conjectured bound.
To produce the flag algebra results, we start with the initial size t to be the size of the subgraph J, the density of which we are trying to bound. Given t, we produce a list of all admissible graphs G of size t. We then consider all possible types of size suitable for expansion into graphs of size t. Recall that if we have a type of size k, and use flags of size l ≥ k + 1, then to compute a product of two flags, we must expand into graphs of size at least 2l − k ≥ k + 2. This restricts the size of types and flags we can use -our types can be of size at most t − 2, and given a type of size k, we choose the largest possible size of flags l that satisfies 2l − k ≤ t.
For each of our types σ i , with its associated list of flags F
, we compute the product of each pair of flags, which gives the corresponding block in the SDP problem. This provides the formulation of the SDP problem, which can then be solved numerically.
If the numerical bound is less than the conjecture, then we do not have enough types to solve the problem. Thus we increase the size t, which allows the use of larger types, and repeat the process. If the numerical bound matches the conjecture, we then have enough types to solve the problem, and can proceed to finding a verifiable proof.
At this stage, we have the block variable matrices Q i for the SDP problem. However, as they were computed numerically, they are subject to rounding error, and thus we cannot be certain that they are truly positive semi-definite matrices, nor that the bound for the extremal problem they provide is exactly equal to the conjectured bound. To have a rigorous proof, it is necessary to find solution matrices Q i whose entries are known exactly -they will ideally be rational. It can then be independently verified that these matrices satisfy the conditions necessary to prove the desired result. We now outline some of the steps that can be taken to find such a solution.
Finding a verifiable solution:
Typically, the space of solutions will be a high-dimensional space, with many degrees of freedom for the entries of the matrices Q i . To try to force the solution towards rational entries, we seek to reduce the dimension of the search space. There are three methods we can apply: reducing the size of the block variables, identifying natural eigenvectors, and changing the basis to introduce zero-entries.
Recall that for each type σ i we have the associated block variable Q i . In identifying which types to use, we added all possible types until we obtained the right bound. However, it is possible, and even likely, that some of the types are unnecessary. Given a type σ, we remove it from the SDP problem, and run the SDP solver again. If we still obtain the correct bound, then we know the type σ was unnecessary. If instead this results in a worse bound, then we keep σ, and try removing a different type. In this way we arrive at a minimal set of necessary types, thus reducing the number of block variables in the SDP problem.
Given a set of minimal types, there is a further reduction possible. Every type σ has the natural group Γ σ of automorphisms of the underlying graph σ 0 . The group Γ σ acts on the algebra A σ by relabeling the flags according to the automorphism. We can then decompose A σ = A σ + ⊕ A σ − into a positive and negative part, where A σ + consists of all elements invariant under Γ σ , while A σ
For example, given the type and flags of Figure 3 , both labelings of the vertices of σ give rise to automorphisms, and so Γ σ is the symmetric group on two elements. One can verify that F 3 ∈ A σ + , F 1 + F 2 ∈ A σ + , and This decomposition is useful because whenever we have f ∈ A σ + and g ∈ A σ − , we have [[f · g]] σ = 0. Hence given the semi-definite matrix Q for the type σ, we can split it into its 'invariant' part Q + and 'anti-invariant' part Q − . While this increases the number of block variables, they are now of smaller size, and hence have fewer degrees of freedom, reducing the dimension of the search space. Moreover, it may be that not all of these parts are necessary, so we can proceed as before to remove any unnecessary block variables.
The second technique we use is that of identifying natural eigenvectors. For this, we require an extremal construction that attains the conjectured bound; let G n represent an extremal graph on n vertices, and let {G n } n∈N . Given a type σ, fix a position of σ in G n . This turns G n into a σ-flag F n . The family {F n } n∈N represents a way to consistently label the type σ in G n .
Recall that in the flag algebra calculations, we used the bound
. If G n is an extremal graph, then the bounds are tight, and so (1) . Taking the limit as n → ∞, this implies that if we have a vector v defined by v F = lim n→∞ p σ (F ; F n ) for F ∈ F σ l , then v F must be a zero-eigenvector of Q. Repeating this for different embeddings of the type σ in the extremal family of graphs {G n } can give rise to several eigenvectors. This procedure is formally defined using the apparatus of ensembles of random homomorphisms in Section 3.2 of [12] .
Having fixed this eigenvectors, we can then reduce the size of the block variables. Note that if we are able to remove all zero-eigenvectors this way, then we are left with positive definite matrices as our block variables. This leaves a little room for error, so we can replace the entries with simple rational entries and hope to still have a positive semi-definite matrix.
Our final method for reducing the dimension of the search space is to change the basis to introduce zero entries. Ideally the new set of variables will be a rational linear combination of the previous set, which will lead to a solution with rational entries. Moreover, we introduce zeros in such a way as to split the block variables into smaller blocks. More formally, consider the general SDP problem of the following form: maximize tr(CX), subject to
where X and A i are symmetric n × n matrices for i = 1, 2, . . . , m.
Suppose we had a rational n × n matrix M such that all entries of the first row (and hence column, by symmetry) of M XM T , except possibly the first, were zero. We can then change variables to modify the SDP problem into an equivalent one, as below: maximize tr(CY ), subject to
The solutions of both problems are related by the equation Y = M XM T . We can now reduce the dimension of the solution space by forcing all the non-principle entries of the first row/column of C andÃ i to be zero for i = 1, 2, . . . , m. This is possible because we already have the existence of a solution Y with Y 1,j = Y j,1 = 0 for j = 2, 3, . . . , n, and hence this restricted solution space contains a solution to the original problem. This operation splits the block variable Y into a one-dimensional block and an (n − 1)-dimensional block. We can now iterate the procedure.
We find such a matrix M by inspecting the numerical solution to the original SDP problem, and using a rational approximation to an eigenvector v for the first row. We then fill in the remaining rows with independent vectors orthogonal to v. Note that if the solution is initially positive definite, there is a little room for error, so we may hope to choose a simple rational approximation without worsening the solution to the SDP problem.
Expressing the solution as a sum of squares:
If we are able to repeatedly iterate the change of basis procedure outlined above, then we will eventually reach a problem whose solution is a diagonal matrix. This is advantageous for two reasons.
First, the semi-definite programming problem reduces to a linear programming (LP) problem. This can be solved by only taking rational linear combinations of the entries of the variables at every step, and so the solution will be a rational combinations of the input to the LP problem. Hence the solution can be specified exactly, resulting in a verifiable proof. Second, we can write the positive semi-definite matrix as a sum of squares, which is easier to understand. This can lead to combinatorial interpretations of the proof, as we demonstrated in Section 4.1. Thus while this step is not necessary for solving problems with the machinery of flag algebras, it makes the resulting proofs much more understandable.
B Integer optimization problem
In this appendix, we prove Lemma 4.8 from Section 4.2, in which we solve the integer optimization problem required to determine the size of the parts in the blow-up of C 5 that minimizes the number of 4-cliques.
Lemma B.1. Let ε > 0 be sufficiently small, and n sufficiently large. Consider the function g(y 1 , y 2 , y 3 , y 4 , y 5 ) =
n − y i − y i+1 4 .
Subject to the constraints that the y i be integers satisfying Proof. First we will show that if (y 1 , y 2 , y 3 , y 4 , y 5 ) is optimal, the y i should be as equal as possible. Suppose towards contradiction that this was not the case. Then there are i, j with y i − y j ≥ 2; let i, j be such that this difference is maximal over all such pairs. There are two cases: Case 1: i and j are consecutive. Without loss of generality, suppose i = 2 and j = 3, so we have y 2 − y 3 ≥ 2, with this difference being maximal. We will show that g(y 1 , y 2 − 1, y 3 + 1, y 4 , y 5 ) < g(y 1 , y 2 , y 3 , y 4 , y 5 ), which contradicts our assumption of optimality. Indeed, we have Now let s = y 2 −y 3 −1 ≥ 1, and let t = (n−y 3 −y 4 −1)−(n−y 1 −y 2 ) = y 1 −y 4 +y 2 −y 3 −1 = y 1 −y 4 +s. If t ≤ 0, then clearly the above expression is negative, which shows (y 1 , y 2 , y 3 , y 4 , y 5 ) is not optimal. Hence we must have t ≥ 1. In this case, we can rewrite the above as ∆g = t 3 + t 2 (n − y 1 − y 2 ) + t n − y 1 − y 2 2 − s 3 + s 2 y 3 + s y 3 2 .
From our constraints on the variables y i , we have that y 3 = In particular, for large n, this can only be non-negative if t ≥ (4 − O(ε)) s. However, we have t = y 1 − y 4 + s, and by our assumption of maximality of y 2 − y 3 , we have y 1 − y 4 ≤ y 2 − y 3 = s + 1.
Hence t ≤ 2s + 1, and we have a contradiction. We define s = y 2 − y 4 − 1, and t = (n − y 5 − y 4 − 1) − (n − y 1 − y 2 ) = y 1 − y 5 + s. If t ≤ 0, then ∆g < 0, which contradicts the optimality of (y 1 , y 2 , y 3 , y 4 , y 5 ). Hence we may assume t ≥ 1, and rewrite ∆g in terms of s and t as before. In this case we find ∆g = 1 50 [(1 + O(ε)) t − (3 + O(ε)) s] n 2 + O((s 2 + t 2 )n).
Hence for ∆g ≥ 0, we must have t ≥ (3 − O(ε)) s. However, by maximality of y 2 − y 4 , we have t = y 1 − y 5 + s ≤ 2s + 1. The only way these equations can be satisfied is if s = 1 and y 1 − y 5 = 2. But in this case y 1 and y 5 are two consecutive variables with a maximal difference, and so we reduce to Case 1, which leads to a contradiction.
Hence we have shown that subject to the above conditions, g is only minimised when the variables y i take values ✷ Note that we assume |y i − 2 5 n| < εn only to simplify the proof. Even without this condition, we can prove that for any n ≥ 12, the above result holds. However, as the flag algebra results are asymptotic in nature, we can only determine the unique extremal graph for the (4, 3)-problem when n is large.
